Using a combined analytical and numerical approach, we study the collective spin and orbital excitations in a spin-orbital chain under a crystal field. Irrespective of the crystal field strength, these excitations can be universally described by fractionalized resonating-valence-bond fermions. Each of the fractional quasiparticles carries both spin and orbital quantum numbers, and thereby the spin and orbital variables are always entangled in the collective excitations. The result shows that the recently reported spin-orbital separation occurs solely due to a particular choice of basis, which is valid only when crystal fields fully polarize the orbital degrees of freedom. The persistent fractionalization contrasts strikingly with the case of a spin chain, where fractionalized spinons cannot be individually observed but confined to form magnons of integral quantum numbers in a strong magnetic field.
Using a combined analytical and numerical approach, we study the collective spin and orbital excitations in a spin-orbital chain under a crystal field. Irrespective of the crystal field strength, these excitations can be universally described by fractionalized resonating-valence-bond fermions. Each of the fractional quasiparticles carries both spin and orbital quantum numbers, and thereby the spin and orbital variables are always entangled in the collective excitations. The result shows that the recently reported spin-orbital separation occurs solely due to a particular choice of basis, which is valid only when crystal fields fully polarize the orbital degrees of freedom. The persistent fractionalization contrasts strikingly with the case of a spin chain, where fractionalized spinons cannot be individually observed but confined to form magnons of integral quantum numbers in a strong magnetic field. Introduction-Strong correlation effects can lead to intriguing emergent phenomena, such as the creation of quasiparticles like phonons and magnons. Being longlived objects with a well-defined energy-momentum dispersion, these "new particles" exist as eigenstates of the low-energy effective Hamiltonian. Their statistics and quantum numbers, however, can be exotic and different from those of the constituent particles. Consider the well-known example of a spin S = 1/2 chain: When the spins show ferromagnetic (FM) alignments, the elementary excitations are S = 1 spin-flip (magnon) excitations, and the corresponding spectrum exhibits a sharp, singlemagnon mode [1] [2] [3] [4] . Naively, one might expect a similar scenario for the S = 1/2 Heisenberg chain with nearestneighbor (NN) antiferromagnetic (AF) interactions. In that case, the ground state is "almost" ordered with a slowly decreasing power-law AF correlation. However, instead of a magnon excitation, a spin flip creates two elementary excitations -called spinons -related to the formation of magnetic domain walls [ Fig. 1(a) ]. Each spinon carries half of the spin quantum number of a magnon [5] . The phenomenon of carrying only a fraction of the quantum numbers from the underlying constituents is referred to as fractionalization [6] [7] [8] .
Spinons can show deconfinement: they move away from each other in an AF background without costing additional energy. The spectrum of a spin-flip excitation (creating two spinons) thereby develops an energy continuum, besides the one spinon dispersion [1] [2] [3] [4] 9] . Upon doping the system with holes, another elementary excitation called a holon appears. Unlike spinons which carry spin 1/2 but no charge, holons carry spin 0 with charge e (i.e. it also carries fractional quantum numbers). They are decoupled and propagate at different velocities, showing the phenomenon of spin-charge separation [10] [11] [12] [13] .
Interestingly, even without hole doping, elementary excitations in a spin system may acquire another quantum number -that of the orbital variable. Such situation occurs in various transition-metal compounds [14, 15] , and advances in resonant inelastic x-ray scattering (RIXS) now allow for the probe of orbital excitations over almost the entire Brillouin zone [16] [17] [18] [19] . In this Letter, we study a one-dimensional (1D) spin-orbital model, which is one of the simplest realizations of a model with competing spin and orbital interactions. By a detailed comparison between numerical and analytical calculations, we show that the elementary excitations can be universally described by fractionalized resonant-valence-bond (RVB) fermions, each carrying both spin and orbital quantum numbers. We demonstrate a number of key differences between a pure spin chain and the spin-orbital model: In a spin system, spin degeneracy is lifted by an applied magnetic field H z . When H z exceeds the critical strength H cr z that sustains a FM ground state, spin excitation is no longer fractional, and spinons cannot be individually observed but confined to form magnons [ Fig. 1(b) ]. In a spin-orbital model where the orbital degeneracy is lifted by a crystal field E z , we show that the excitations are always fractional, irrespective of the crystal field strength. The resulting spin and orbital spectra thereby consist of broad energy continua for all values of E z . Unlike the separation of spin and charge variables in a doped spin chain, we also show that the spin and orbital degrees of freedom do not separate. Unless some restrictive assumptions are made, the spin and orbital are always entangled.
Model Hamiltonian-We consider the following 1D spinorbital model [14] : Here S i (or T i ) is an SU(2)-invariant spin (or pseudospin)1/2 operator at site i, ij represents an NN pair, J is the superexchange energy, and E z is the crystal field strength. Such a model emerges in the strong coupling limit for a chain consisting of two orbitals per site expressed in terms of the pseudospin operator; it also describes spin ladders with four-spin interactions [20] [21] [22] . The model and its extension have been applied to study materials such as (TDAE)-C 60 [23] , LiNiO 2 [24] , and Na 2 Ti 2 Sb 2 O [25] . Without the crystal field term, the Hamiltonian has a global SU(4) symmetry, which could be realized with cold atoms in optical lattices [26] [27] [28] .
When E z = 0, the isotropic SU(4)-symmetric spinorbital model is exactly solvable by Bethe Ansatz [29, 30] . The ground state shows AF and alternating orbital (AO) correlations (AF×AO), which can be described as a superposition of SU (4) [24, 30, 31] . A spin or orbital flip in such a state fractionalizes into different "flavorons" [ Fig. 2(a) ]. As a momentum eigenstate, each flavoron carries both spin and orbital quantum numbers, and thereby the spin and orbital are always entangled in the collective excitations [32] [33] [34] .
When E z ≥ E cr z (the critical field that sustains a ferroorbital (FO) ground state), the system can be described by SU(2) spin singlets with AF correlations between electrons in the lower-lying orbitals (AF×FO) [ Fig. 2(b) ]. In such a strongly anisotropic case where only one type of orbital is occupied, recent theories have suggested a separation of the spin and orbital dynamics [18, [35] [36] [37] . Similar to spin-charge separation, in this case an orbital excitation fractionalizes into an independent spinon and an orbiton [ Fig. 2(b) ] [35, 36] . This spin-orbital separation has recently been observed by RIXS on two quasi-1D copper oxides [18, 37] , and has lead to the investigation of . An orbital flip (middle row) was suggested to fractionalize into separate spinon and orbiton, which respectively carry only the spin and orbital quantum number (bottom row) [35] . As shown in this study, this separation is possible solely due a particular choice of basis, which is valid only when Ez ≥ E cr z .
other spin-orbital models with lower symmetry [38, 39] . Despite these studies, however, it remains unclear how the physics evolves from the isotropic SU(4)-symmetric point to the anisotropic limit of large crystal field. Below we establish a unified description of the excitations for all values of E z , and show that a spin-orbital separation is possible solely due to a particular choice of basis, which is allowed only when the the orbitals are fully polarized.
Numerical Results-We begin to study Eq. (1) by cluster perturbation theory (CPT) combined with exact diagonalization (ED) [40] [41] [42] . In particular, we calculate the transverse spin and orbital dynamical structure factors: Here |ψ is the ground state of H with energy E ψ , S
L is the Fourier transform of the local spin operator (the same applies to T x q ), and L is the number of lattice sites. CPT is a quantum cluster approach [43] which complements finite-size ED simulations. It also can be regarded as an efficient interpolation scheme to obtain spectra with a continuous momentum transfer. CPT+ED can reproduce several known exact results for the spin chain and the spin-orbital model at a quantitative level (see Supplemental Material [4] ). We first note that the main spectral features discussed below already can be identified by ED, and our conclusion regarding a fractional nature of the spin-orbital chain do not depend on the further CPT implementation. On the other hand, CPT+ED can provide additional fine spectral details and facilitate the comparison between numerical and analytical calculations. Figure 3 displays the CPT+ED spectra at different values of E z for spin (left panels) and orbital (right panels). When E z = 0 (top panels), the ground state shows AF×AO correlations described by SU(4) singlets without any orbital polarization (T z tot
. The spin and orbital spectra are identical, with gapless excitations at q = 0, π/2, and π (see below for an intuitive understanding). For E z = 0, the spectra can exhibit in- commensurate soft modes. When half of the orbitals are polarized (T z tot = 1/4, middle panels), the zero-enery spin excitations shift away from q = π/2; the orbital excitations remain gapless at q = π/2 but gapped at q = 0, π (see below for an intuitive understanding). When E z = E cr z , the orbitals are fully polarized (T z tot = 1/2, bottom panels), where electrons reside only in the lowerlying orbitals and show AF correlations. The spin spectrum consists of the one-spinon branch and two-spinon continuum as those in a pure spin chain; the orbital spectrum is identical to the hole-addition spectrum in a t − J model, as explained in Refs. [4, 35, 44] .
The above results agree with Bethe-ansatz and density matrix renormalization group (DMRG) calculations [45, 46] , showing incommensurate soft modes under external fields and broad energy continua implying fractional elementary excitations. However, it is difficult to obtain the spectral weight information with Bethe-ansatz solutions; it is also challenging to converge the DMRG results in longer chains or higher energies due to the enlarged spin-orbital basis. Besides S(q, ω) and O(q, ω), we further compute the simultaneous spin-orbital flip spectra OS(q, ω) [obtained by replacing S (1), and OS(q, ω) no longer tracks O(q, ω). This feature could benchmark the role of J H in materials such as V 2 O 3 [47] .
Fermionic RVB mean-field theory-We next develop an analytical formalism to understand our numerical spectra. We note that a direct mean-field decoupling of the spin and orbital variables in Eq. (1) would fail to describe both its static and dynamic properties [24, 30, 31, 35] . The two degrees of freedom show strong quantum entanglement and fluctuation [32] [33] [34] , foreseeing the failure of a simple linear spin-or orbital-wave approximation [35] . Here we use a different type of mean-field theory that was first developed for low-dimensional SU(N = 2) antiferromagnets [48] , and later generalized to large N [49] . This method concerns a fermionic representation of the exchange interaction, followed by a mean-field (RVB) decoupling in terms of local valence bond singlets that preserve the SU(N ) symmetry of the problem [4, 50] . As shown below, such an approach captures the main features of the spin-orbital model even for E z = 0 [51] .
Following Ref. 50 , we start by expressing the spin and pseudospin operators of Eq. (1) in terms of the fermionic operators f † iασ and f iασ (called RVB fermions below [4, 48, 50] ). Here f † iασ (f iασ ) creates (annihilates) a fermion at site i in orbital α ∈ {a, b} with spin σ ∈ {↑, ↓}, subject to the constraint α,σ f † iασ f iασ = 1 [52] . Next by performing an RVB decoupling (see Supplemental Material [4] ), we obtain the mean-field Hamiltonian:
where
when E z < 4J/π, and δ k = π/4 when E z ≥ 4J/π. Determined by self-consistent meanfield equations, ε ka/b represent the energies of two doubly degenerate fermionic bands separated by E z [4] . With the constraint of one fermion per site, the bands are filled up to the respective degenerate Fermi momenta: ±k F ∓δ k and ±k F ± δ k , where k F = π/4 is the Fermi momentum at E z = 0, and δ k is an additional shift with nonzero E z . At the mean-field level, the critical external field for a FO ground state is E cr z = 4J/π. In this fermionic mean-field picture, the collective spin and orbital excitations can be understood as "particlehole" excitations of the RVB fermions across the Fermi level. In particular, the spin spectra are related to excitations within the degenerate bands, while the orbital spectra are related to excitations between the nondegenerate bands (see Fig. 5 in the Supplemental Material [4] ). The compact support (region where a function is nonzero) for the spin and orbital excitations can be computed respectively byS(q, ω) = k∈F S,q+k / ∈F S,α,σ δ(ω − ε q+k,ασ + ε kασ ), whereσ ≡ −σ, andŌ(q, ω) = k∈F S,q+k / ∈F S,σ δ(ω − ε q+k,aσ + ε kbσ ) + k∈F S,q+k / ∈F S δ(ω − ε q+k,bσ + ε kaσ ). Their evolution as a function of E z is shown in Fig. 4 . As seen in Figs. 3 and 4 , the mean-field results agree well with the numerical simulations, revealing inter alia the shift in momentum of the zero-energy modes with E z . In fact, the origins of the zero-energy modes, e.g. at q = 0, π/2 when E z = 0, and at q = π/2 (for orbital) or at q = 0, π (for spin) when E z = E cr z , can all be understood as the allowed momenta for zero-energy particle-hole excitations between the occupied and unoccupied RVB fermionic bands (see Fig. 5 in the Supplemental Material Ref. [4] ). While the mean-field approach cannot account for the spectral intensity [53] , it reproduces essentially the compact supports and the overall bandwidths for the spin and orbital dynamical structure factors. Only the low-intensity branch of the numerical spectra are missing; it originates from the ω flavoron [30] and would involve four RVB fermions, which cannot be captured in the mean-field theory. A more quantitative comparison between the two methods is given in the Supplemental Material [4] .
Discussion-The numerical-analytical agreement justifies the fermionic mean-field picture [54] . In Ref. 55 , a simple mean-field approach was also employed to justify spin-charge separation in the cuprates. Since the method works for all values of E z , we have thereby obtained a unified description for collective excitations in the spinorbital chain. It immediately explains why OS(q, ω) follows the dispersion of O(q, ω): a joint spin-orbital flip is described as particle-hole excitations between two bands with opposite spin and orbital quantum numbers. This produces the same "topology" as that of pure orbital excitations, since the bands with different spin but the same orbital quantum numbers are degenerate (see Fig. 5 in the Supplemental Material [4] ). This also enables us to arrive at the following conclusion.
The collective excitations are always fractional. We note that a single spin flip (S = 1 excitation) creates an RVB fermion f † α↑ and annihilates another one f α↓ . Since the mean-field RVB fermions are noninteracting "good" quasiparticles, a spin-flip excitation can be understood as fractionalizing into two independent RVB fermions with quantum numbers (S = 1/2, T = α) and (S = −1/2, T = α), respectively. Similarly, an orbitalflip excitation fractionalizes into the (S = σ, T = 1/2) and (S = σ, T = −1/2) RVB fermions. Independent of E z , fractionalization thereby always exists. This contrasts strikingly with the case of a pure spin chain, where the elementary excitations are S = 1 magnons when H z ≥ H cr z [1] [2] [3] [4] . In the spin-orbital model, E z acts only on the orbital variables and does not quench the quantum spin dynamics, allowing peculiar fractionalization even in the limit of large crystal field.
Spin and orbital do not separate but always entangle. Since for any E z the spin and orbital excitations are described by fractionalized RVB fermions (momentum eigenstates carrying both spin and orbital quantum numbers), the two degrees of freedom are always entangled [32] [33] [34] 56] . This, however, has to be reconciled with the suggested spin-orbital separation for E z ≥ E cr z in Refs. 18, 35-37. There, the authors describe the collective excitations in terms of "pure" spinons and orbitons. They implicitly assume that electrons in the lower-lying orbitals carry only spin, and the single electron in the excited upper-lying orbital carries only the orbital quantum number. This definition is different from ours, but it does not actually mean a contradiction. In fact, the orbital spectra computed by CPT+ED for E z ≥ E cr z match exactly the corresponding spectra in Refs. 18, 35-37 obtained by mapping the spin-orbital Hamiltonian (which has 4 degrees of freedom) onto a t − J model (which has just 3 degrees of freedom). Crucially, however, such a definition is valid only when the spin dynamics of the electron in the upper-lying orbital can be neglected (and so are the orbital dynamics of electrons in the lower-lying orbitals) [4] . This also means that the t − J model description is valid only when E z ≥ E cr z [4] . Conclusion-In summary, we have formulated a common framework to describe a spin-orbital chain in both the isotropic SU(4)-symmetric point and the anisotropic limit of large crystal field. Such a description based on RVB mean-field theory provides an intuitive picture to understand the spin and orbital spectra in terms of particle-hole excitations between noninteracting fermionic bands. These RVB fermions carry entangled spin and orbital quantum numbers, showing persistent fractionalization and a lack of binding domain walls in the spin-orbital chain even with fully polarized orbitals. This is in striking contrast to the case of a pure spin chain with a ferromagnetic ground state. The result also shows that the recently reported spin-orbital separation is possible solely due to a particular choice of basis, which is valid only when E z ≥ E cr z . This study connects the novel physics predicted and observed in quasi-1D copper oxides [18, [35] [36] [37] to the physics described by numerically exact Bethe-Ansatz solutions [29, 30, 45] . It is also highly relevant to materials with active orbital degrees of freedom and ultracold atoms in optical lattice measurements [26] [27] [28] . Extensions of this study to lowersymmetries and higher-dimensions are interesting areas for future work.
SUPPLEMENTARY MATERIALS A. Cluster Perturbation Theory with Exact Diagonalization
Here we first describe the numerical approach employed in this study, which involves an interpolation by cluster perturbation theory of the exact diagonalization spectra (CPT+ED) [40] [41] [42] . CPT is a quantum cluster approach [43] which can provide both dynamical and temporal information for quantum lattice models in the thermodynamic limit, thereby complementing finite-size ED simulations. It also can be viewed as a simple and efficient method for obtaining spectra of continuous momentum transfer. By benchmarking this method against exact Bethe-Ansatz solutions, we show that several known exact results for the spin chain and the spin-orbital model can be reproduced by CPT+ED at a quantitative level.
The CPT algorithm proceeds by (i) dividing the model lattice Hamiltonian into multiple identical, finite-size clusters, (ii) solving the problem (exactly if possible) on these clusters (usually by ED), and (iii) treating perturbatively the inter-cluster terms of the Hamiltonian to first order in a strong-coupling expansion. The core formula resulting from these procedures reads
and
Here G a,b (Q, ω) is written in a mixed representation of real space indices within the finite-size cluster and Fourier space wavevector between the clusters:Ĝ(ω) is the cluster Green's function (computed preferably with open boundary condition [57] ), and a, b are the real-space indices for an L-site lattice. The inter-cluster terms are accounted for byV (Q) written in the reciprocal superlattice representation.
In our case of a one-dimensional (1D) chain,
, where J eff is the effective strength of the exchange coupling between inter-cluster spin (or orbital) operators. We have tried J eff = J, −J, 0, and the CPT results only weakly depend on our choice of J eff , as long as L is large enough. While CPT was originally developed for Hamiltonians without inter-cluster interactions, it remains a good approximation of the lattice green function even with the presence of inter-cluster superexchange terms (such as those in the t − J model or the Heisenberg spin chain). This is because the accuracy of CPT is not directly controlled by including higher order terms in the strong-coupling perturbation theory, With increasing L, the ripple structure resulting from CPT interpolation smooths and the overall spectral shape converges.
but mainly by increasing the cluster sizes in the simulations [42] . As shown in Fig. 5 , when L increases, the overall spectral shape converges quickly for both the spin chain and the spin-orbital model; the (artificial) ripple structures resulting from CPT interpolation also weaken in intensity and smooth gradually with increasing L. Figure 6 benchmarks the CPT+ED calculations against the compact supports (regions of nonzero spectral weight) obtained by Bethe-Ansatz solutions. As seen from the comparison, CPT+ED is capable of reproducing the exact spectral shape and overall bandwidth at a quantitative level. We note that in these 1D systems, the spin and orbital spectra in the ED calculations already show multiple peaks which spread out widely in energy, implying a fractional nature of the excitations (see Fig. 10 ). On the other hand, ED calculations performed on the higher-dimensional counterparts would show only sharp spectral peaks, and thereby the CPT-interpolated spectra would not display any continuum. In Fig. 7 we show the CPT+ED calculations on an L = 24 spin chain under a magnetic field H z . The nature of these excitations will be discussed together with our analytical results in the following section. Here we just emphasize that the CPT+ED results as a function of H z are in very good quantitative agreements with numerically-exact BetheAnsatz solutions [58] .
B. Spin Chain under Magnetic Fields
In this section we use two analytical methods to continue studying the problem of a pure spin chain under a magnetic field H z described by the Hamiltonian
where J S is the energy scale of the superexchange interactions between SU(2)-invariant spin operators, ij represents a nearest-neighbor spin pair, and H z is the magnetic field strength. Below we calculate the collective spin excitations using the fermionic resonant-valencebond (RVB) mean-field theory, and the linear spin wave approximation. We then compare these results with the CPT+ED simulations and discuss the nature of these excitations. Although this problem has been discussed extensively in the literature [1] [2] [3] 9] , in order to make our study self-contained, we will review and highlight the main results of this problem below. Fermionic RVB mean-field theory-Following similar steps as those for the spin-orbital model (see the following section for details), we first map Eq. (7) onto a fermionic model [59] . Next by performing an RVB meanfield decoupling and solving the self-consistent mean-field equations, we obtain the following Hamiltonian
We first note that in this approach H z ≤ 2J S /π, which thereby means δ k ≤ π/4 and a maximum Fermi momentum δ k + k F = 3π/4 under an applied magnetic field (since k F = π/2 for the fermionic meanfield theory at H z = 0 [59] ). As δ k +k F < π always holds, the fermionic mean-field theory is not able to describe the fully spin-polarized ground state.
In this fermionic mean-field picture, the compact support of the spin spectrum can be calculated byS(q, ω) = k∈F S,q+k / ∈F S δ(ω −ε q+k,↑ +ε k↓ )+ k∈F S,q+k / ∈F S δ(ω − ε q+k,↓ + ε k↑ ). The evolution of the spin spectrum as a function of H z is shown in Fig. 8 . For a comparison, in Fig. 8(c) we also show the linear spin wave approximation spectrum for H z = H cr z (the critical field for a ferromagnetic (FM) ground state). In this case, the ground state shows long-range FM order, and the linear spin wave approximation can be safely applied [2, 60] . The resulting Hamiltonian reads
where ω k = J S (1 + cos k) is the magnon dispersion, and α † k are bosonic (magnon) creation operators. The spin spectrum is computed as S(q, ω) = δ(ω − ω q ) [ Fig. (8(c) ]. Comparison with the CPT+ED results-We begin by emphasizing that the fermionic mean-field approximation is valid only when H z ≤ 2J S /π. At the maximally allowed magnetic field H z = 2J S /π, the spin chain is half-polarized. Above H z > 2J S /π the self-consistent mean-field solution effectively breaks down. On the other hand, the linear spin wave approximation is valid only for a fully polarized ground state at H z ≥ H cr z . Based on the numerical and analytical results, we summarize the behavior of collective spin excitations in the spin chain under a magnetic field: (i) When H z = 0, the ground state exhibits (short-range) antiferromagnetic (AF) correlations; the collective excitations can be described in terms of fractionalized RVB fermions, each carrying S = 1/2 quantum number. (ii) When H z ≥ H cr z , the system becomes a ferromagnet; its excitations are no longer fractional, but S = 1 magnons of integral quantum numbers. (iii) When 0 < H z < H cr z , the ground state is partially spin-polarized; the excitations can be described approximately as RVB fermions, although the quantitative differences between the mean-field and the CPT+ED results are substantial, making the fermionic RVB meanfield description less appropriate compared to that in the spin-orbital model. In the case 0 < H z < H cr z , it is more appropriate to use Bethe-Ansatz solutions, where the collective excitations in this intermediate regime are called fractionalized psinons, whose nature is somewhat similar to the spinons at H z = 0 [61] . The collective spin and orbital excitations in the mean-field picture correspond to "particle-hole" excitations of the RVB fermions across the Fermi surface (denoted by the dotted horizontal lines). The energies of the a-orbital and b-orbital fermionic bands are separated by Ez, and the allowed "particle-hole" excitations change with the crystal field accordingly. The thick arrows point to the allowed zero-energy spin (red) and orbital (blue) excitations.
h.c.), which preserve the SU(4) symmetry of the problem [48, 50] : χ ij χ ji → (χ ij χ ji + χ ji χ ij )/2. The resulting mean-field Hamiltonian H MF reads
Determined from self-consistent mean-field equations, [63] . Figure 9 shows how the mean-field fermionic bands evolve as a function of E z , and how the evolution is related to the collective spin and orbital excitations. As seen from Fig. 4 in the main text, the RVB mean-field picture well explains the different shapes of compact supports for the spin and orbital spectra at all values of E z . We note that the above fermionic RVB decoupling works better for the SU(4) spin-orbital model than for the SU(2) spin chain, both qualitatively and quantitatively. More precisely, when E z = 0, the bandwidth of the spin excitation is √ 2πJ in CPT+ED, and 8 √ 2J/π in mean field (a factor of 1.23 difference). When E z = E cr z , the spin excitation bandwidth is 2πJ in CPT+ED, and 8J/π in mean field (a factor of 2.47 difference). This agrees with Ref. 50 , showing that the mean-field approximation results for SU(N ) antiferromagnets gradually improve as N becomes larger [50, 60] . On the other hand, in the orbital spectra the quantitative differences are small, irrespective of E z . The extrapolated numerical critical field is E cr z ∼ 1.38J, only 1.08 times larger than the mean-field value E cr z = 4J/π. The reason behind this good analytical-numerical agreement for the spin-orbital model lies in the fact that the mean-field theory becomes exact for the SU(N ) models when N → ∞, and therefore works better for larger N s. We also note that a bosonic mean-field theory usually works better for systems with long-range order, such as a fully spin-polarized Heisenberg chain. It thus cannot be applied to our case of a spin-orbital chain under an external crystal field, where only the orbital variables are polarized but no true long-range order in the spin sector. In the last section of the Supplemental Material, we discuss when and why a t − J model description -which suggests a separation of the spin and orbital dynamics [18, [35] [36] [37] -is valid for the spin-orbital chain.
We begin by writing down a more general spin-orbital Hamiltonian on a chain of two orbitals per site:
where the parameters J a = 4t 2 a /U , J b = 4t 2 b /U , and J ab = 4t a t b /U , with t a -hopping between the (excited upper) a orbitals, t b -hopping between the (ground state lower) b orbitals, and the on-site Coulomb repulsion U . This model is a more realistic spin-orbital Hamiltonian, describing systems where the two orbitals under consideration are not equivalent (e.g. the spin-orbital model for p orbitals in alkali hyperoxides [64] , or the spin-orbital model for d − d excitations in copper oxides [36] ). When 2J ab = 2J a = 2J b = J, the model is equal to the spinorbital model considered in the main text.
Following the same transformations discussed in the tions in a "pump-probe experiment". We note that in the case of finite doping, the collective excitations of the t-J model are fractionalized spinons, holons, and antiholons [66, 67] . Therefore, in the definitions of Refs. 35, 36, the collective excitations of the "parent" spin-orbital model are expected to be fractionalized spinons, orbitons, and antiorbitons which span the particular spin and orbital spectra shown in Fig. 10 .
The above discussion shows that when E z ≥ E cr z , the spin-orbital model, Eq. (1) in the main text, can be mapped onto the bosonic t − J model, Eq. (17), with 2J ab = 2J b = J. The excitation spectra of the t − J model with one hole is the same as the one of the spinorbital model with one single orbital excitation in the FO ground state (Fig 10) . We also note that in such a case, the physics of a bosonic t − J model with positive hoppings t is the same as that of a fermionic t − J model with negative hoppings t, which can result from a JordanWigner transformation of the spin-orbital model [35] .
On the other hand, when E z < E cr z , the spin-orbital model cannot be mapped onto the bosonic t − J model. Their spectra are thereby distinct. As shown schematically in Fig. 11 , the t − J model description, by construction, has to neglect the spin interaction between two nearest-neighbor electrons in the upper orbitals. Although this interaction does not contribute to the spectra for E z ≥ E cr , it becomes important for E z < E cr z , where more than one electron occupies the upper orbitals.
